Multiple-scattering method applied to gyrotropic media by Śmigaj, Wojciech & Gralak, Boris
ar
X
iv
:0
90
9.
25
91
v1
  [
ph
ys
ics
.op
tic
s] 
 14
 Se
p 2
00
9
Multiple-scattering method applied to gyrotropic media
Wojciech S´migaj, Boris Gralak∗
March 16, 2009
In the following, we present the modifications of the multiple-scattering method [1, 2, 3] necessary
for handling two-dimensional systems of scatterers characterised by tensor (relative) permittiv-
ity ǫˆ of the form
ǫˆ =

 ǫt ig 0−ig ǫt 0
0 0 ǫz

 . (1)
For simplicity, we assume all media to be nonmagnetic (µ ≡ 1). We assume that the direction
of invariance coincides with the z axis.
With the permittivity given by eq. (1), the Maxwell’s curl equations
∇×E = iωµ0H, (2a)
∇×H = −iωǫˆǫ0E (2b)
decouple into the equations corresponding to the E polarization (E ‖ zˆ),
∂Ez
∂y
= iωµ0Hx, (3a)
−∂Ez
∂x
= iωµ0Hy, (3b)
∂Hy
∂x
− ∂Hx
∂y
= −iωǫ0ǫzEz , (3c)
and the H polarization (H ‖ zˆ),
∂Ey
∂x
− ∂Ex
∂y
= iωµ0Hz, (4a)
∂Hz
∂y
= −iωǫ0(ǫtEx + igEy), (4b)
−∂Hz
∂x
= −iωǫ0(−igEx + ǫtEy). (4c)
In the following, we restrict our attention to the case of the H polarization, where the effects of
anisotropy are present. From eqs. (4) we obtain
Ex =
1
iωǫ0(g2 − ǫ2t )
(
ig
∂Hz
∂x
+ ǫt
∂Hz
∂y
)
, (5a)
Ey =
1
iωǫ0(g2 − ǫ2t )
(
−ǫt∂Hz
∂x
+ ig
∂Hz
∂y
)
(5b)
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and
∂2Hz
∂x2
+
∂2Hz
∂y2
+ ǫ0µ0
(
ǫt − g
2
ǫt
)
ω2Hz = 0. (6)
Evidently, theHz field fulfils the Helmholtz equation∇2Hz+k2Hz = 0 with k2 = ǫ0µ0(ǫt−g2/ǫt).
This is the basic assumption of the multiple-scattering formalism, which we can therefore apply
to the analysis of the considered system. With respect to the multiple-scattering method as
described in Ref. [3], we need to make only two changes: (1) replacement of the formula n =
√
ǫt
for the refractive index of a medium by n =
√
ǫt − g2/ǫt, (2) modification of the formula for the
scattering matrix of a cylinder. This formula can be derived easily by imposing the conditions
of continuity of the tangential components of the electric and magnetic fields on the surface of a
cylinder, which we do in the following.
For the case of H polarization, the tangential components in question are Hz and Eφ, so we
need to impose that
H intz (R, φ) = H
ext
z (R, φ)
Eintφ (R, φ) = E
ext
φ (R, φ)
}
for all φ ∈ [0, 2π), (7)
where R denotes the radius of the cylinder and the superscripts “int” and “ext” refer to field
expansions in the cylinder interior and exterior, respectively. Equations (5) imply that
Eφ =
1
iωǫ0(g2 − ǫ2t )
(
−ǫt∂Hz
∂r
+
ig
r
∂Hz
∂φ
)
. (8)
From the multiple-scattering theory we know that the magnetic field Hz inside and outside the
cylinder is given by appropriate Fourier-Bessel expansions,
H intz (r, φ) =
∑
m
cm Jm(kintr)︸ ︷︷ ︸
≡CH
m
eimφ, (9a)
Hextz (r, φ) =
∑
m
[
am Jm(kextr)︸ ︷︷ ︸
≡AH
m
+ bmH
(1)
m (kextr)︸ ︷︷ ︸
≡BH
m
]
eimφ, (9b)
hence
Eintφ (R, φ) = −
1
iωǫ0
∑
m
cm
(mgint/R)Jm(kintR) + ǫt,intkintJ
′
m(kintR)
g2int − ǫ2t,int︸ ︷︷ ︸
≡CE
m
eimφ, (10a)
Eextφ (R, φ) = −
1
iωǫ0
{∑
m
am
(mgext/R)Jm(kextR) + ǫt,extkextJ
′
m(kextR)
g2ext − ǫ2t,ext︸ ︷︷ ︸
≡AE
m
+
∑
m
bm
(mgext/R)H
(1)
m (kextR) + ǫt,extkextH
(1)′
m (kextR)
g2ext − ǫ2t,ext︸ ︷︷ ︸
≡BE
m
}
eimφ . (10b)
Substituting these formulas to eqs. (7) and solving for bm and cm, we obtain
bm = −A
H
mC
E
m −AEmCHm
BHmC
E
m −BEmCHm
am, (11a)
cm = −A
H
mB
E
m −AEmBHm
BHmC
E
m −BEmCHm
am. (11b)
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We conclude that the scattering matrix S of a cylinder of circular cross-section is diagonal and
its elements are given by
Sij = −A
H
mC
E
m −AEmCHm
BHmC
E
m −BEmCHm
δij , (12)
where δij is the Kronecker delta and the symbols A
E
m etc. are defined in eqs. (9) and (10).
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